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Abstract. In this paper, we introduce and develop the field of algebraic communication complexity, the theory dealing with the least number of messages to be
exchanged between two players in order to compute the value of a polynomial
or rational function depending on an input distributed between the two players.
We define a general algebraic model over an arbitrary field k of characteristic 0,
where the involved functions can be computed with the natural operations additions, multiplications and divisions and possibly with comparisons.
We then apply this general theory to problems from distributed mechanism design, in particular to the multicast cost sharing problem, and study the number of
messages that need to be exchanged to compute the outcome of the mechanism.
This addresses a question raised by Feigenbaum, Papadimitriou, and Shenker [9].
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Introduction

Distributed algorithmic mechanism design is the art of analyzing, designing, and implementing mechanisms in a distributed setting. Feigenbaum, Papadimitriou, and Shenker
[9] were the first to consider distributed aspects of mechanism design by investigating
mechanisms for the multicast cost sharing problem in a distributed setting. Many mechanisms, like marginal costs and Shaply value, can be computed by arithmetic operations
(“+”, “∗”, and “/”), equality tests (“=”), and comparisons (“<”). These are exactly the
operations that are considered in algebraic complexity theory, a well-developed area of
complexity theory. In the multicast cost sharing problem, a provider, the root of a tree,
wants to send a transmission to n players, residing at the nodes of the tree. Each player
has a utility ui for receiving the transmission. The provider has to pay some cost ce
when he uses a particular edge e of the tree for the transmission. The cost ce is a private
information that is owned by the players residing at the endpoints of the edge e. The
nodes are capable of doing multicast, so edges are shared by the users in the tree. A
mechanism is sought that is strategy-proof, fulfills three natural side constraints, and
either maximizes welfare or is budget-balanced. We assume that there is no centralized
?
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authority that knows all the values. Instead the computation is done at the nodes of the
trees and values have to be sent over the links. The mechanisms maximizing welfare
have efficient distributed implementations with only a constant number of messages
per link.
Feigenbaum, Papadimitriou, and Shenker [9] investigate the communication complexity of computing budget balanced mechanisms with linear operations, that is, only
multiplication with scalars but not with variables are allowed. This implies that all the
messages sent are linear combinations of the values held by the players. In this setting,
they show that the computation of any budget balanced mechanism requires a linear
number of messages over a linear number of links, yielding an overall quadratic lower
bound. Any function can be computed by this many messages by sending all inputs to
all players, so this lower bound is optimal. They leave the extension of their results to
non-linear operations, i.e., multiplications and divisions, as an open question.
Later, Feigenbaum et al. [8] used Boolean communication complexity to prove
lower bounds for the bit complexity of distributed algorithms for budget balanced mechanisms. In the Boolean model, all numbers that occur are rational numbers (given as the
quotient of two natural numbers in binary). The messages can be arbitrary bit strings. In
this model, Feigenbaum et al. prove that any distributed Boolean algorithm has to send
at least a linear number of bits over a linear number of links.
While this seems to solve the problem at a first glance, there is a flaw hidden: If
we measure the bit complexity of the messages, we have to relate it to the bit size of
the input. In particular, in order to prove the mentioned lower bound, Feigenbaum et al.
consider the following simple scenario: There is one link from the provider to one node
v at which n/2 players reside and there is one link from v to another node u at which
another n/2 players reside. By instantiating the utilities of the players appropriately, it
turns out that any distributed algorithm that computes a budget-balanced mechanism on
this tree decides whether the sets of utilities at the nodes u and v are disjoint. If we now
consider this to be a game between two players, one at u, the other at v, this becomes
the well-known set disjointness problem, however with a small twist, the universe is
not {1, . . . , n}. It is known that deciding the set disjointness problem in the Boolean
setting where both players hold the characteristic vector of their subset of {1, . . . , n}
requires n bits of communication. The scenario that we get from the multicast cost
sharing problem above is a generalization, so we get the lower bound of n bits as well.
In this example, the utilities of the players are of the form C/i for some constant C
and 1 ≤ i ≤ n. Thus the overall input size ` = Θ(n log n), but the lower bound for
the communication is only Ω(n2 ) = Ω(`2 / log2 `). (Note that we have to send n bits.
If we replace the one link between u and v by a path of length n, we get n messages
over n links, yielding the quadratic lower bound.) While this is still bad enough, it is
not quadratic in the input size.
We will show that in the general algebraic model, we can get a quadratic lower
bound. We provide tools to investigate the communication complexity of distributed
computations in a general algebraic setting. This means, that the player may perform
arbitrary arithmetic operations and not only linear ones, together with comparisons. The
messages are now arbitrary rational functions in the inputs of the players. We will show
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that in this setting, the computation of any budget balanced mechanism needs a linear
number of messages over a linear number of links. This is now a tight lower bound.
The reduction by Feigenbaum et al. to a two-player communcation problem indicates that it is sufficient to understand two-player communication complexity. This
is what we do here: Algebraic communication complexity deals with the problem of
computing a multivariate function, when the input is distributed between different entities referred to as players. In particular, given a field k and a rational function f ∈
k(X1 , . . . , Xn , Y1 , . . . , Ym ), we want to know how many messages have to be exchanged between the two players, until one of them has enough information at his/her
disposal to be able to compute the function value. Here, one player is holding the Xindeterminates and the other one the Y -indeterminates.3
The boolean counterpart, where one deals with boolean functions and bit-strings
as inputs, is well studied, thanks to its successful application in VLSI-design theory.
[12,13] are excellent textbooks on Boolean communication complexity. Compared to
the boolean setting, we work over infinite fields and treat the arising numbers as entities.
So our results do not follow from discrete models with larger (but finite) alphabets.

2

Related research and new results

The Boolean model was proposed by Yao [18] and is typically motivated by VLSI
design problems, see e.g. [12,13]. It is mostly of combinatoric nature, whereas our
model is based on algebraic structures like fields in which the possible operations are
the natural arithmetic operations.
Abelson [1,2] motivated and introduced continuous communication complexity theory over R assuming some differentiability properties of the involved functions. Luo
and Tsitsiklis [16] improved Abelson’s results in certain cases making use of algebraic
tools, but they only consider computional problems and no decision problems. The reason for this is that they only consider smooth messages and smooth problems.
Other than these work, there are also studies leading to more specific directions, like
optimization within an error of a sum of two distributed convex functions, where every
player has access to a single function [15].
Our aim is to develop a model based on an algebraic structure, in order to take advantage of the powerful tools of algebra and algebraic complexity theory. Even though
this restricts the power of the messages the players can exchange and the family of the
multivariate objective functions, we strongly believe that this model of computation fits
better in the context of possible applications, since the power of the involved messages
is realistically bounded. Moreover, in our setting we can introduce new features in a
natural way. For instance by allowing equality tests and comparisons, we actually can
deal with non-continuous functions. We can speak about decision problems, too, where
the goal is not to compute the function, but decide whether a given input lies in its zeroset. Or we can introduce nondeterminism in a flavor recalling the usual nondeterminism
of computational complexity.
3

One can define the multi-party case accordingly. Due to space limitations, we solely deal with
the two player case in this paper.
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Feigenbaum, Papadimitriou, and Shenker [9] investigated the multicost cost sharing
problem in a restricted algebraic setting. They only allow messages that are linear forms
in the inputs (i.e. bids) of the players. They leave the proof of lower bounds in a general
model as an open problem. We here prove a quadratic lower bound for the communication complexity of budget-balanced mechanisms for the multicast cost sharing problem
in such a general model.
In particular, we show the following results:
– We completely solve the one-way case for the computation problem and give a
characterization in terms of the transcendence degree.
– We almost completely solve the one-way case for the decision problem, where
“almost” means up to one message.
– We provide several lower bounds techniques for the two-way case:
• a method that is inspired by the substitution method known from algebraic
complexity theory
• a dimension bound (which is solely suited for homogeneous problems)
– We extend our methods to decision problems with equality tests and with comparisons.
– We apply our methods to distributed mechanism design problems, like the multicast
cost sharing problem and auctions with single minded bidders.
In the full version, we also introduce nondeterminism and provide an interesting link to
the decision and the computation problem in the one-way case.
Recently and independently, Grigoriev [11] introduced a model similar to ours, but
he only deals with the one-way communication complexity. His model is actually an
extension of the one-way model presented here: both parties send messages to some
referee who then makes the decisions. We will use one of his results, which can be
readily generalized to the two-way model, to deal with comparisons. Grigoriev allows
randomization, too, but he mainly uses rank-based lower bounds.

3

Model of computation and notation

Throughout this paper, k is a field of characteristic zero which we often assume to
be algebraically closed. All our mechanism design problems will be reduced to a twoplayer algebraic communication problem; so we define and analyze this setting first. We
give the players names: Alice (A) and Bob (B). Alice usually holds an input denoted
by X = (x1 , . . . , xn ) and Bob holds Y = (y1 , . . . , ym ) and their aim is to compute a
rational function f : k n × k m → k. Each player may send messages that are rational
functions in his/her inputs and the messages (s)he has received from the other player so
far. In the end, one of them has to be able to compute f (X, Y ) (computation problem),
to decide if the value is zero or not (decision problem), or to prove that indeed the input
lies in the zero-set of f (nondeterminism).
We denote, as usual in the literature, by k[X, Y ] the ring of polynomials with variables (x1 , . . . , xn , y1 , . . . , ym ) and coefficients in k and by k(X, Y ) the field of rational
functions over the same set of variables. Further, we denote by MA→B and MA←B the
index-set of messages sent by Alice to Bob and vice versa, respectively. The network
4

where messages are sent is completely reliable: there is no data loss and transmissions
are error-free. In particular we assume that we can send field-elements as they are,
meaning that every message counts as one, no matters how large the number is (for
example as real number) and how we encode it. What is really important in this framework is the total number of messages sent during a protocol, neglecting the amount of
computation performed by the players. In fact, our model relies on Luo and Tsitsiklis’
model [16], but the assumptions on the involved functions are different: we deal solely
with polynomial/rational functions. Later, we introduce equality tests and comparisons.
In this extended model, we can also compute non-continuous functions and investigate
decision problems, too.
A protocol P for computing a rational function f ∈ k(X, Y ) is a list of instructions
telling the players the form of the messages they have to send and in which order, so to
let a player to be able to compute f (X, Y ).
Definition 1 (Protocol). A two-way protocol P for computing f consists of:
1. Disjoint inputs X, Y distributed between player A and player B, respectively.
2. A collection of messages m1 , . . . , mr belonging to some field extensions of k, sent
in this order, with the following property: for each 1 ≤ i ≤ r, we have:
– if i ∈ MA→B , then mi ∈ k(X, m1 , . . . , mi−1 )
– if i ∈ MA←B , then mi ∈ k(Y, m1 , . . . , mi−1 )
3. We have either f ∈ k(X, m1 , . . . , mr ) or f ∈ k(Y, m1 , . . . , mr ).
P is called one-way if in addition MA←B = ∅ and f ∈ k(Y, m1 , . . . , mr ).
Definition 2. The two-way communication complexity of f is defined as
C(f ) := min r(P )
P

where the minimum is taken over the set of all protocols P for f and r(P ) is the number of messages sent in P . Similarly we define the one-way communication complexity
C→ (f ).
A message m is said to be feasible in step i, if the second property in the definition of
a protocol holds. If a message m is feasible, this exactly means that m can be computed
by additions, multiplications, and divisions from the inputs of the particular player and
all the messages he received so far.
We will also speak about divisionfree protocols. In this case, m is feasible if m ∈
k[X, m1 , . . . , mi−1 ] or m ∈ k[Y, m1 , . . . , mi−1 ], respectively. With such protocols, we
can of course only compute polynomials.
Finally, we can also extend the notion of a protocol and communication complexity
to a set of functions f1 , . . . , f` . We just require f1 , . . . , f` ∈ k(X, m1 , . . . , mr ) or
f1 , . . . , f` ∈ k(Y, m1 , . . . , mr ) in the third item of the definition of a protocol.
Example 1. Let
f1 (X, Y ) = (y1 + x1 y2 + x21 y3 )x1 + (y1 + x1 y2 + x21 y3 )2 x2 + (y1 + x1 y2 + x21 y3 )3 x3 .
Then C(f1 ) ≤ 2. Indeed, it is easy to see, that if Alice sends to Bob the value of x1 ,
then he is able to compute the polynomial y1 + x1 y2 + x21 y3 , which, in turn, enables
Alice to compute the whole function. One can easily show with the results of this paper,
that in fact C(f1 ) = 2 but C→ (f1 ) = 3.
5
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One-way communication

In this section we deal exclusively with the one-way communication model. One-way
communication corresponds to distributed one-pass algorithms. For the example of multicast pricing, this means that the result has to be computed in one sweep over the multicast tree. We provide a technique to compute exactly the value C→ (f ) for every rational
function f ∈ k(X, Y ).
For such an f ∈ k(X, Y ) we denote by Coeff Y f the field extension over k generated by adding the coefficients of f seen as function of Y . In particular, Coeff Y f ⊆
k(X). Obviously, Bob is able to compute the value of f from the messages m1 , . . . , mr
received from Alice if and only if Coeff Y f ⊆ k(m1 , . . . , mr ).
Theorem 1 (Transcendence degree bound). For every field k and rational function
f ∈ k(X, Y ), we have C→ (f ) ≥ tr degk Coeff Y f where tr deg denotes the transcendence degree of the field extension Coeff Y f /k.
Proof. We proceed by induction on q := tr degk Coeff Y f . For q = 0, we have
f ∈ k(Y ), since any X-variable cannot be algebraic over k.
For q > 0, let mi be the first message such that tr degk(m1 ,...,mi−1 ) k(m1 , . . . , mi ) = 1.
Then we have tr degk(m1 ,...,mi ) Coeff Y (f ) = tr degk Coeff Y (f ) − 1 and the induction
hypothesis applies. Hence Alice sends at least q − 1 + i ≥ q messages.
t
u
It is easy to prove with the Primitive Element Theorem from algebra (see [3]), that
tr degk Coeff Y f + 1 is an upper bound for C→ (f ): Alice simply sends a complete
transcendence basis of Coeff Y f over k to Bob using tr degk Coeff Y f messages. Furthermore, since fields of characteristic zero are separable, the Primitive Element Theorem for algebraic extensions assures that at most one more message makes the extended
field equal to Coeff Y f . The following lemma helps us to strengthen this result.
Lemma 1. Let q = tr degk k(f1 , . . . , fr ), then there exist g1 , . . . , gq ∈ k(f1 , . . . , fr )
with the property that k(f1 , . . . , fr ) ⊆ k(g1 , . . . , gq ).
This lemma assures us that Alice can send a transcendence basis {m1 , . . . , mq } with
the property that Coeff Y f ⊂ k(m1 , . . . , mq ), with q = tr degk Coeff Y f , so that we
do not need the Primitive Element Theorem anymore. This establishes tr degk Coeff Y f
as the correct number of messages for every optimal protocol in the one-way communication model. It can be easily computed as the rank of the matrix, whose columns are
given by the gradient of the coefficients of f , see [16].

5

Two-way communication

Next we study the two-way model. Here, we do not have a tight characterization as
in the one-way case, but we provide several lower bound techniques that show tight
bounds for some specific functions, in particular for the ones arising from our mechanism design problem.
6

5.1

Substitution method

The idea of the substitution method is to make the first message trivial by adjoining it
to the ground field. Since we deal with several ground fields in this section, we write
occasionally C(f ; k) instead of C(f ) to stress the underlying ground field.
Lemma 2. Let P be some protocol for computing a rational function f over some field
k that uses r messages. Then there is an extension field k 0 ⊃ k with tr degk k 0 ≤ 1 and
either k 0 ⊆ k(X) or k 0 ⊆ k(Y ) and there is a protocol P 0 for computing f with r − 1
messages over k 0 .
Proof. Let m1 be the first message of the protocol. Set k 0 = k(m1 ). Then we do
not need to send the first message, since it is now known to both players in advance.
The claim on the transcendence degree is obvious and also that either k 0 ⊆ k(X) or
k 0 ⊆ k(Y ), since m1 is the first message.
t
u
Example 2. Assume that Alice and Bob both hold n and m input values. We want to
know whether they have at least one value in common. This is called the set disjointness
problem. It is modelled by the following function
Disjn,m (X, Y ) =

n Y
m
Y

(xi − yj ).

i=1 j=1

It is now possible to show the following lower bound by induction.
Theorem 2. For every rational function g = p/q such that q is coprime with Disjn,m ,
C(g · Disjn,m ) ≥ min{m, n}.
Proof. The proof is by induction on min{m, n}. Since q is coprime with Disjn,m ,
we need at least one message. If this minimum is 1, then the claim is trivial. Otherwise
we want to apply Lemma 2. We treat the case k 0 ⊆ k(X), the other case is symmetric. By renaming variables, we can assume that x1 , . . . , xn−1 , m1 are algebraically
independent, where m1 is the message substituted. x1 , . . . , xn−1 and y1 , . . . , ym are
algebraically independent over k 0 = k(m1 ) We can write Disjn,m = g 0 · Disjn−1,m
where g 0 consists of all terms that contains xn .
By the inductions hypothesis C(gg 0 · Disjn−1,m ; k 0 ) ≥ min{n − 1, m} and by
Lemma 2, C(g · Disjn,m ; k) ≥ C(gg 0 · Disjn−1,m ; k 0 ) + 1. This proves the claim. u
t
5.2

Dimension bound

In this section, we show lower bounds using methods from algebraic geometry and in
particular, we relate results about the dimension of a variety to our problem.
We here consider only homogeneous polynomials f1 , . . . , f` and we want to decide
whether the inputs of Alice and Bob lie in the zero set V (f1 , . . . , f` ) of all of them. In
this setting, it makes sense to restrict oneself to projective protocols, i.e., protocols in
which all messages are homogeneous
polynomials. Now we can work over the projec
tive space P2n := k 2n+1 \{0} / ∼, where a ∼ b, iff there exists a 0 6= λ ∈ k such that
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a = λb. The inputs of the players are embedded canonically into the projective space
by adding a 1 as the last coordinate. The input (x1 , . . . , xn , y1 , . . . , yn ) is mapped to
the (x1 , . . . , xn , y1 , . . . , yn , 1). Whenever we speak of the point (0, 0), we mean the
corresponding point (0, . . . , 0, 0, . . . , 0, 1) in P2n . Since we always work in the affine
subspace of P2n of points with the last coordinate 6= 0, we will usually omit the last 1.
Theorem 3. Let k be an algebraically closed field and f : k n × k n → k ` be a homogeneous polynomial mapping. Assume that dim V (f (0, Y )) = q < n. Then deciding
whether (X, Y ) ∈ V (f ) = {(X, Y ) ∈ k n × k n f (X, Y ) = 0} requires at least n − q
homogeneous messages even in the two-way model.
Proof. Let P be a homogeneous protocol where w.l.o.g. Alice is able to eventually
decide whether f (X, Y ) = 0 for (X, Y ) ∈ k 2n . We embed (X, Y ) into P2n by adding
a component 1 as described above. Furthermore, we assume that n − q − 1 messages are
enough for Alice to decide whether f (X, Y ) = 0; we denote them by m1 , . . . , mn−q−1 .
Since the messages are homogeneous, it follows in particular that mi (0, 0) = 0, 1 ≤
i ≤ n − q − 1. Also M := V (m1 , . . . , mn−q−1 ) is a projective variety in P2n with
dim M ≥ n + q + 1.
Consider the variety E := V (x1 , . . . , xn ) of dimension n. By the properties of the
projective space it follows that dim M ∩E ≥ q+1. On the other hand dim V (f (0, Y )) =
q, so we can find a point (0, b) in the intersection M ∩E with f (0, b) 6= 0. If we run P on
the inputs (0, 0) and (0, b), we notice that Alice has the same input and receives vanishing messages in both instances. Hence she is unable to distinguish between f (0, 0) = 0
and f (0, b) 6= 0; this is a contradiction.
t
u
Example 3. This theorem applies in a straightforward manner to the equality problem.
We want to decide whether the two inputs are identical. The problem is modelled by the
n functions f1 = x1 −y1 , . . . , fn = xn −yn . Let f (X, Y ) = (f1 (X, Y ), . . . , fn (X, Y )).
Of course we have dim V (f (0, Y )) = 0, since only (0, 0) belongs to it. Thus any homogeneous protocol for deciding whether the two inputs are the same requires n messages.
Remark 1. This argument is interesting in another important context as well. If the
theorem should extend to the equality problem over every field k of characteristic zero
not necessarily closed, then this would rule out the existence of an injective polynomial
p ∈ k[X, Y ], which is still an open problem for general fields. On the other hand note
that the equality problem can be solved with one message
 on certain ground sets. For
instance, the polynomial (a, b) 7→ 21 (a + b)2 + 3a + b is a bijection over IN2 .

6

Decision problems

Now we allow the players to perform equality tests and comparisons, the latter only over
R. In this setting, players do not only compute and send the same messages for every
input, but they are allowed to go through a decision tree, where at every node they check
whether some two functions of their input are equal. Every internal node in the tree has
two successors, one corresponds to the outcome of the fact that the compared functions
are equal, one to the outcome that they are not equal. Depending on the result of the
8

test, the players follow the respective branch in the decision tree. When they reach a
leaf, they send a message accordingly. Furthermore, we do not want to compute f but
it is sufficient to decide whether the input of the players lies in the zero set V (f ) of f
or not.
If we allow comparisions, then we can also decide semi-algebraic sets. Every test
now has three outcomes, <, =, or >, and every node in the decision tree has three
successors. The formal definitions can be found in the full version of this paper.
The communication complexities C→
dec (f ) and Cdec (f ) are defined in the same way
as C→ (f ) and C(f ), but over the larger class of protocols with equality tests. Therefore,
→
it is clear that C→
dec (f ) ≤ C (f ) and Cdec (f ) ≤ C(f ) for all rational functions f . In
→
the same way, we define Cdec,< (S) and Cdec,< (S) for semi-algebraic sets S. C→
dec,< (f )
and Cdec,< (f ) shorthand C→
(V
(f
))
and
C
(V
(f
)).
dec,<
dec,<
Intuitively, one would expect that these additions would indeed decrease the number
of messages needed between the two players. We will see that often, this decrease is
very modest.
6.1

Equality tests

Lemma 3. For every irreducible polynomial f ∈ k[X, Y ] over an algebraically closed
field, there is a rational function h = p/q with q and f being coprime, such that
→
C→
dec (f ) ≥ C (hf ) and Cdec (f ) ≥ C(hf ).
Proof. Consider a protocol P , one-way or two-way, deciding the membership of the
inputs in Ω := V (f ), the variety defined by f . Since the possible inputs are infinite
(k is closed), almost every input (in the Zariski sense) follows the same path π0 . Let
π be the typical path of an element from Ω and let ν be the node where π and π0
separate for the first time. Following the path π0 up to ν, we find rational functions
(1) (2)
(1) (2)
(1) ? (2)
g1 , g1 , . . . , gr , gr such that gi = gi is tested by some player. Obviously gi :=
(1)
(2)
gi − gi is not identically zero and because we follow the path taken by most inputs,
g1 , . . . , gr−1 do not vanish on the given input when we follow π or π0 . Since Ω is a
closed set in the Zariski topology, it follows that the elements of Ω reaching ν lie also
in V (gr ). Altogether, for an input (X, Y ), from f (X, Y ) = 0, we necessarily have
that at least one of g1 (X, Y ), . . . , gr (X, Y ) vanishes, in other words g := g1 · . . . · gr
vanishes on (X, Y ). Therefore, applying the Nullstellensatz on the numerator of g and
noting that rad(f ) = (f ) (since f is irreducible), we have g = h · f , for a polynomial
h, coprime with f . Thus from the protocol P that decides V (f ), we get a protocol of
the same type that computes hf .
t
u
For the one-way case, we get an almost tight characterisation meaning that performing equality tests does not bring any significant help in the communication task.
Corollary 1. Given an irreducible polynomial f ∈ k[X, Y ] over an algebraically
closed field k, C→
dec (f ) ≥ tr degk Coeff Y f − 1.
Proof. We have tr deg Coeff Y g ≥ tr deg Coeff Y f − 1, see [6].
We cannot apply Lemma 3 to Disjn,m , since Disjn,m is not irreducible.
9

t
u

Lemma 4. Let `1 , . . . , `t be linear forms such that any two of them are linearly independent. Let L = `1 · · · `t . Then there is a rational function h = p/q with L and q
being coprime, such that Cdec (L) ≥ C(hL).
Proof. Consider a protocol P for deciding L and let π0 be the path taken by almost
all inputs. Let πτ be the path taken by almost all inputs in V (`τ ). Let vτ be the node
where these two paths separate for the first time. Let gτ = pτ /qτ be the rational function
tested at vτ . By Gauss’ Lemma, `τ |pτ . Thus g1 · · · gt can be written as hL.
t
u
Corollary 2. Cdec (Disjn,m ) ≥ min{n, m}.
6.2

Comparisons

Consider the lexicographic monomial ordering on yn , . . . , y1 , xn , . . . , x1 , i.e., a monomal m is smaller than an other one m0 if the exponent vector of m is smaller than that
of m0 in the lexicographic ordering (with variables in the order as above). For a polynomial p, lt(p) denotes the least term with respect to the chosen monomial ordering.
Grigoriev [11] essentially proves the following result.
Lemma 5. Let `1 , . . . , `n be linear forms such that x1 , . . . , xn , `1 , . . . `n are linearly
independent. Let V be the union of some hyperplanes, among them V (`1 ), . . . , V (`n ).
Then there is a polynomial f such that Cdec,< (V ) ≥ C(f ) and `1 , . . . , `n divide lt(f ).
The same holds for the seminalgebraic set S defined by `1 > 0, . . . , `t > 0.
But now the substitution method from Section 5.2 allows us to get rid of one message for each linear form `i that divides lt(f ) and get a bound for C→
dec,< (`1 , . . . , `n )
in this way. Note that every indeterminate is substituted by a polynomial, so the lt(f )
does not change and we can perform induction.
Corollary 3. Cdec,< (Disjn,m ) = min{n, m}.
Proof. Disjn,m is a product of linear forms, among them x1 − y1 , . . . , xn − yn .
>From the lemma above, we get that these linear forms divide lt(f ). Now we can apply
the substitution method to f in the same manner as we did before to Disjn,m .
t
u
In the same way, we can show that the set defined by x1 > y1 , . . . , xn > yn has
communication complexity equal to n. Grigoriev shows the last two bounds using rank
based methods.

7

Applications

Using the reduction by Feigenbaum et al. [8] and applying Corollary 3, we get the
following lower bound for the multicast cost sharing problem.
Theorem 4. There is a tree with n players such that every algebraic algorithm with
comparisons and equality tests that computes a strategyproof and budget-balanced
mechanism for the multicast cost sharing problem sends at least n messages over a
linear number of links.
10

As a second example, we consider a distributed version of a combinatorial auction
with single minded bidders, see e.g. [14,4]. We have n players and a collection of objects. There is a partial order on these objects. Each player bids on exactly one of the
objects. A selection algorithm gets the bids of the players and selects those players
that get an object. Such an algorithm is called monotone if a selected player that now
makes a higher or equal bid on a lesser or equal object still is selected (assuming that all
other players bids are the same). >From such an algorithm, one can construct a truthful
mechanism via the critical value scheme, see [14,4] for details. We now assume that
the players are distributed in a network. The players can send their bids along the links
and there has to be one (arbitrary) node at which the selection process takes places.
Consider the following scenario: we have a network of two subgraphs connected by
one link. Each subgraph contains n players. We have n objects and one player of each
subgraph bids on one of them. In particular, such a mechanism can decide whether the
bids in one subgraphs are all larger than the corresponding bids in the other subgraph.
But this is exactly the semialgebraic set defined by x1 > y1 , . . . , xn > yn , which has
communication complexity n.
Theorem 5. Any distributed truthful critical value scheme for a combinatorial auction
with single minded bidders needs to send at least n messages over linearly many links
in the worst case.
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Conclusions and open problems

>From the point of distributed mechanism design, it would be nice to find more examples to which our techniques can be applied.
>From the point of algebraic complexity theory, the most interesting open problem
is to relate the complexity of f to the complexity of g · f in the two-way model. This
would directly show that any lower bound for the computation problem is also a lower
bound for the decision problem (Lemma 3). For instance, if the rank bound of Abelson [2] yields a lower bound of q for the complexity of f , then it yields a lower bound
for q − 2 for g · f , under some strict assumptions on the functions. However, there are
cases where the rank bound is not tight at all. It is not clear to us how to prove the
general case. We conclude with the following conjectures.
Conjecture 1. For all irreducible polynomials f over algebraically closed fields,
1. C(f ) ≥ C(gf ) − 1 for every coprime polynomial g 6= 0 and
2. C(f ) ≥ C(f j ) − 1 for every j ≥ 1.
If both conjectures were true, then the decision complexity and the nondetermistic complexity (see the full version for definitions and results) would be closely related to the
communicitation complexity of computing f . The case f = x1 y1 + x21 x2 y2 , g = x2
shows that C(f ) ≥ C(gf ) is in general not true.
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